Some results on fixed points of asymptotically regular mappings are obtained in complete metric spaces and normed linear spaces.
Thus S and yl satisfy (1.1) but do not commute for any x + 0.
Using an idea developed in [53] , the results of this paper are established in complete metric spaces without considering the usual sequence of successive approximations in order to show the existence of common fixed points. Further, in convex Banach spaces the structure of the set of common fixed points is investigated without assuming any hypothesis of commutativity of the mappings under discussion.
Two survey papers of the first author [50] , [51] compare many contractive conditions. It is easily seen that most of the contractive conditions used imply the asymptotic regularity of the mappings under consideration, so the study of such mappings plays an important role in fixed point theory.
Results in complete metric spaces
The following definition appears in [53] : DEFINITION 1. Let A and 5 be two self maps of X and {x n } a sequence in X. Then {x n } is said to be asymptotically S-regular with respect to A if d(Ax n , Sx n ) -* 0 as n -> oo.
If A is the identity map of X, Definition 1 becomes that of Engl [15] . Drawing inspiration from the contractive conditions of Hardy and Rogers [24] and Jungck [35] , we present our main theorem. [24] , which considered the following condition:
THEOREM 1. Let A, S, T be three selfmaps of a complete metric space (X,
for all x, y in X, where the control constants b t > 0, / = 1,... We also cite the papers of Emmanuele [14] and Taskovic [64] , where asymptotically regular mappings are investigated under different contractive conditions. [6) Asymptotically regular mappings 333
As indicated in Massa [38] 
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Thus {y n } is asymptotically S-regular with respect to A. Since the remaining conditions of Theorem 2.1 are satisfied, Theorem 2.1 is a generalization of the result of Das and Naik, which has been extended also by Chang [3] , Chang [4] , Fisher [18] , [19] , Khan and Imdad [29] and Rhoades [51] under different contractive conditions. However, it is not hard to check that these last results are also valid using the weak commutativity concept. We refer the reader to the paper of Rhoades [51] for further details. use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700029621 [7] A is continuous in X and it suffices to assume a g = 1/2, a, = 0 for / = 1 , . . . , 8 in order to satisfy Theorem 2.1. Of course, all the results of the preceding authors are not applicable to this example since S and A do not commute.
Some examples
By slightly modifying some examples of Fisher [20] , we show that some of the assumptions of Theorem 2.1 cannot be dropped. A commutes with 5 and one can readily verify, considering a sequence {x n }, x n =t 0, converging to 0, that all the assumptions of Theorem 2.1 are satisfied with a 9 = 1/2 and a l , = 0 for i' = 1 , . . . , 8 except (2.3). On the other hand, A and S have no fixed points.
Further results
Replacing the continuity of A with the continuity of S or T, we have the following theorem: 6 + a 7 + a g + a 9 ) < 1.
If T is continuous and weakly commuting with A and S, then T has a fixed point.
PROOF. Let {x n } be a sequence as defined in (2.5). As in the proof of Theorem 2.1, the sequences {Ax n }, {Sx n }, {Tx n } converge to a point z in X. Since T is continuous, {TAx n } -» Tz and {T 2 x n } -* Tz. Using the weak commutativity of
which implies that {ATx n } -> Tz as n -» oo. Since {TSx n } -* Tz and T weakly commutes with S, it is similarly proved that {STx n } -» Tz as n -* oo. An analogous theorem can be proved using the continuity of S instead of T. Note that z is not, in general, a comon fixed point of A, S and T as is shown in the following EXAMPLE Using a proof similar to that of This theorem can be regarded as an improvement of Theorem 1 of Singh and Tiwari [62] , where the authors assume that range of A contains the range of S n for every n, but this is not required in our Theorem 4.2.
Results in Banach spaces
In this section, we present a result which deals with the structure of the set of common fixed points. The next theorem generalizes Theorem 29 of [50] without requiring the commutativity of the mappings under consideration. We first need the following LEMMA 5.
Let (X, d) be a complete metric space, K a closed subset of X, A, S and T three selfmaps of K satisfying (2.1) for all x, y in K, (2.2") maxj sup (a x + a 2 + a 5 + a 6 ), sup (a 3 + a A + a 7 + a g ) If A is continuous and a 9 is bounded on X, then the set F of common fixed points of A, S and T is closed.
PROOF. Let {x n } be a Cauchy sequence in F with limit
From (2.1), with a, = a t (x n , x), 
If A is continuous andaffine, then the set F of common fixed points of A, S and T is closed and convex.
PROOF. Since (2.2'") implies a 9 is bounded on X, that F is closed follows from Lemma 5.1. To show convexity, let x v x 2 e F, x = (x x + x 2 )/2. Since K is convex, x is in K and Ax = x since A is affine.
Without loss of generality, we may assume ||JC 2 -Tx\\ < ||JC 1 -7!x||. Then, from (2.1), < a l \\Sx 1 and, since X is strictly convex, Tx = x. As in case la, Sx = x too and F is convex.
Case II. Assume ||JC -7JC|| < ||JC -Sx\\. The proof is similar to case I and will therefore be omitted.
This concludes the proof.
Fixed points of orbitally continuous mappings
Let T be a selfmap of a metric space (A^, d
). An orbit of T at x 0 is denoted by the set If T is ;t 0 -orbitally continuous for any x 0 in X, Then T is said to be orbitally continuous. Ciric [7] has shown that orbitally continuous mappings are not necessarily continuous and on other hand, Jaggi [33] gave an example of x 0 -orbitally continuous mapping T, but not orbitally continuous on X.
Browder and Petryshyn [2] give the following
The following theorem is a special case of Theorem 6 of Park [47] (the proof is enclosed for sake of completeness): use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700029621 [14] Asymptotically regular mappings 341 PROOF. Let {S k(n) x 0 } be a subsequence of {S"x 0 }-converging to z.
x 0 ), Sz), using the asymptotic regularity of S and its x 0 -orbitally continuity, we have z = Sz.
It is not hard to check that Theorem 6.1 includes a multitude of results for mappings satisfying conditions (l)- (24) and (26)- (49) of Rhoades [50] and also those of Ciric [8] , Jaggi [33] , Meir and Keeler [44] , Fisher [16] .
The following theorem is motivated by the contractive condition invented by Yen [65] Since x is arbitrary in K, we note that for x = 7\"(x 0 ),
which guarantees the convergence of the sequence {T£(x 0 )} to z, since z is a cluster point of the same sequence. This concludes the proof.
REMARK 5. For a non-expansive mapping T, the convergence of {T£(x 0 )} was investigated by Diaz and Metcalf [11] , Edelstein [13] . Kannan [25] , Krasnoselskii [31] and Schaeffer [58] in either uniformly convex or strictly convex Banach spaces. Jaggi [34] discussed the convergence of {r x "(x 0 )} in a normed linear space with no additional structure. Our Theorem 6.2 extends Theorem 1 of [34] .
Approximating fixed points in Banach space
Let X be a Banach space and K be a convex subset of X. Dotson [12] gives the following DEFINITION 4 . A selfmap T of K is quasi-nonexpansive if T has a fixed point z in K and \\Tx -z\\ < ||x -z\\ for any x in K.
An extensive literature exists about non-expansive and quasi-nonexpansive mappings. Here we cite the fine papers of Garegnani and Zanco [21] , Goebel and Massa [22] , Karlovitz [26], Kuhn [32] , Maluta [36] , Massa [39] , [40] , [41] , Massa and Roux [43] , Petryshyn and Williamson [49] , Rhoades [52] , Roux [54] , [55] , [56] , Roux and Zanco [57] , Soardi [63] and the Italian bibliography of Papini [45] for further information.
In the case of a Banach space, a slightly more general result than Theorem 6.2 concerning approximation of fixed points can be obtained by considering an iterative procedure of Mann [37] . Strictly speaking, let x 1 be a point of K and M(x v t n , t) stands for the sequence {x n } defined by x n+l = (1 -t n ) • x n + /" • Tx n , where {/"} is a sequence of [a, b], 0 < a < b < 1. It is easily verified that a mapping T satisfying condition II also satisfies condition I.
These conditions appear in Senter and Dotson [59] , who obtained the following theorem. 
t n , T) converges to an element of F(T).
We use this result to establish the following theorem: Related results to Theorem 7.2 can be found in Bose and Mukherjee [1] and Massa [42] , which improves the results of [1] .
